Using a noncommutative inspired anti-de Sitter-Einstein-Born-Infeld black hole with both noncommutative mass and charge distributions, we analyse a holographic superconductor in the context of the AdS/CFT correspondence. We show that the coupling of the Born-Infeld parameter and the noncommutative perturbations provides an enhancing mechanism for higher values of the expectation value of the condensate and that noncommutativity counter-balances nonlinearity of the electrodynamics to keep the ratio ωg/Tc ≈ 8.
I. INTRODUCTION
The AdS/CFT correspondence [1] is one of the most fruitful proposals in the last two decades. It is a powerful tool to understand specific aspects of physical systems from two different perspectives, one arising from quantum field theory in flat spacetime and the other from string theory in curved spacetime. This link between two different theories establishes the main property of the gauge/gravity duality, mainly the existence of a strongweak connection, that allows the analysis of a strongly coupled quantum field theory through a weakly interacting gravitational theory.
Nowadays, holographic duality has an increasing number of applications in different areas of physics, for example, condensed matter systems, quantum information, etc. One interesting condensed matter system that has been discussed in the literature through the AdS/CFT correspondence, and its gauge/gravity duality is holographic superconductors [2] [3] [4] [5] [6] . The starting point to analyse these systems is the Lagrangian
where L(F ) is a function of the electromagnetic tensor F µν , A µ is the associated 4-potential and ψ is a charged complex scalar field. In the original analysis by Gubser [7] using Maxwell electrodynamics, the probe limit was introduced where back-reaction contributions to the background metric due to the bulk fields are neglected; the probe limit simplifies the analysis of the holographic superconductor while keeps most of the interest- * Electronic address: mmac@xanum.uam.mx † Electronic address: selp@xanum.uam.mx ing physics. Following this approach and a matching procedure for the solutions [8] [9] [10] , both Maxwell and BornInfeld (BI) electrodynamics [11] have been considered in the literature [12] [13] [14] [15] [16] [17] [18] .
Recently, non-commutative holographic superconductors have attracted attention since these systems allow for higher expectation values of the condensation operator [19, 20] . These models [21] [22] [23] use non-commutative smeared distributions for the sources, either gravitational or electromagnetic. The distributions are of the Gaussian type, incorporating the non-commutative parameter in their definitions; they provide a mechanism to replace the point-like behaviour of the sources, a feature usually linked to the presence of singularities of the gravitational and electromagnetic field. This approach gives then regular static and stationary black hole solutions in general relativity from which certain aspects, thermodynamics for example, may be analysed [24, 25] .
In this paper, we consider a holographic superconductor based on a non-commutative inspired anti-de Sitter-Einstein-Born-Infeld (AdSEBI) black hole. As it is well-known, BI electrodynamics is a generalisation of Maxwell's electrodynamics, has no birefringence and provides a regularisation of the self-energy of a point-like charge [26] ; the strength of the electric field, measured by the BI parameter b, is finite at the location of the source. Previous analyses of holographic superconductors based on BI electrodynamics exist [27] and also including other modifications [8, 14] . In our treatment, we follow a nonperturbative approach on the BI parameter b to calculate the expectation value of the condensation operator according to the AdS/CFT duality [28, 29] . In this way, we fully explore the relationship between this parameter and the non-commutative parameter θ and see how they affect the dependence of O 2 on the critical temperature of the condensate.
The structure of this paper is as follows. In Sec. II we present the general procedure to build non-commutative inspired black holes and we focus on the AdSEBI black hole with only a mass smeared distribution in (3+1)-dimensions. The discussion there serves to emphasise the key role that a charge smeared distribution has for the classical horizon radius to get non-commutative corrections. In Sec. III we discuss the non-commutative inspired AdSEBI black hole with both smeared distributions of mass and charge and calculate the first order non-commutative corrections to the metric. After this, in Sec. IV we consider the equations of motion for the gauge and scalar fields in the presence of BI electrodynamics and the non-commutative background. Imposing the continuity of the fields and their derivatives, we find the condensation operator and critical temperature of the holographic superconductor; we always work in the probe limit throughout this section. Then in Sec. V, we calculate the conductivity of the holographic superconductor at its critical temperature. Finally, in the Conclusions, we summarise our results and discuss further aspects to be explored. Our units are chosen as G = c = 1.
II. NON-COMMUTATIVE INSPIRED ADSEBI BLACK HOLE
First, we consider the Born-Infeld (BI) electromagnetic Lagrangian
where b is the BI parameter; for large values of b we recover Maxwell's electrodynamics L(
it has the nice property that
for a purely static electric field. Now, from the conservation law
we obtain
where
is the electric field due to a point-like charge q located at the origin.
Given a generic electromagnetic Lagrangian L(F ), the field equations
where [21, 23, 30 ]
and
define a (3+1)-dimensional non-commutative inspired black hole solution with electric charge. The normalization of the distribution ρ m is such that
where M is the mass of the charged source, known as the bare mass and different from the ADM mass when an electromagnetic field is present [24, 30] . In this approach, the energy-momentum tensor T µν encodes noncommutativity throughout the use of a smeared distribution of mass dependent on the non-commutative parameter θ; non-commutativity is incorporated in the theory through the use of non-commutative sources. Let us consider a static spherically symmetric spacetime in (3 + 1)-dimensions
Then, from the previous field equations, the noncommutative inspired metric coefficients for the BI electrodynamics are such that µ + ν = 0 and [25] 
The values of κ = +1, 0, −1 determine the existence of a spherical, planar or hyperbolic horizon respectively, and γ(n, z) is the lower gamma function [31] γ(n, z) :
Using the identity [32] 2 F 1 1 2 , n; n + 1;
where 2 F 1 (a, b; c; z) is the hypergeometric function and n is a constant, we obtain the equivalent expression
for the metric coefficient; it defines a non-commutative inspired adS-Einstein-BI (AdSEBI) spacetime. Henceforth we set Λ = −3/L 2 and κ = 0 that corresponds to the planar solution.
A. Horizon radius
In the non-commutative AdS/CFT correspondence, the horizon radius of the non-commutative inspired black hole is needed to find an expression for the condensation operator in terms of the temperature of the condensate. For this purpose, we focus in the limit 4θ ≪ r 2 corresponding to small non-commutative perturbations. Then, for the incomplete gamma function in the metric coefficient, we can use the asymptotic expression [31] 
where Γ(z) is the gamma function; we obtain thus
Notice that for this expression to make sense, we need a 0 ≥ 0. To make this point clear, consider the case where only a non-commutative contribution related to the mass is present. The metric is then given by Eq. (19) and we have
Consider now use the field equation for the classical (commutative) solution
Notice that for the extremal black hole, defined by the conditions f c (r 0 ) = 0 = f c ,r (r 0 ), the field equation becomes
implying b > 0 for this condition to hold; even though the BI Lagrangian at the onset is invariant under the change b → −b, the extremal case does distinguish between positive and negative values of b.
By taking the derivative of Eq. (31) with respect to r, we also obtain
Eqs. (31) and (33) combine to give
Hence, at the horizon r 0 of the extremal black hole we simply have
Therefore, from Eqs. (30) and (34) we get
From these results we notice that a 0 < 0 since b > 0 for the extremal case as we remarked before; in consequence there are no small non-commutative corrections to the horizon radius of the extremal black hole if only a non-commutative distribution of mass is present. At this point it is worth comparing this analysis with the model discussed in [19] , in particular with their Eq. (7). As seen from it, the value of a 0 has three contributions: two positives and one negative. The positive terms arise because there is an additional non-commutative deformation of the electromagnetic field besides the deformation of the mass; this latter deformation is responsible for a negative contribution to the value of a 0 as we have just illustrated. With this in mind, in the next section we consider the case of a non-commutative inspired black hole defined by non-commutative distributions of mass and charge.
III. NON-COMMUTATIVE INSPIRED CHARGED ADSEBI SPACETIME
We now proceed to discuss the non-commutative inspired AdSEBI spacetime with both non-commutative mass and charge distributions. First, we solve the conservation equations
where we define
as the non-commutative 4-vector current; the point-like charge has thus been replaced by a smooth distribution involving the non-commutative parameter θ. The electric field is given then by
In the limit 4θ ≪ r 2 , we have
Having determined the electromagnetic part, the gravitational equations can be written down and solved; the gravitational field in this case is described by the following metric [25] 
We set as before κ = 0 corresponding to the planar solution. If we now use the ADM mass
the previous expression is written as
In the limit 4θ ≪ r 2 , the last term in Eq. (45) is calculated using
together with the value of J obtained from replacing H(r) by Q
Small non-commutative corrections to the metric also have contributions of the following integrals
The expressions for I 1 and I 2 in the limit 4θ ≪ r 2 are in Appendix A. We have then
The non-commutative inspired AdSEBI metric is thus
From this result, we recover the well known expression for commutative EBI spacetime in the limit θ → 0. Furthermore, it is straightforward to calculate the horizon radius r + since g θ (r) is known.
IV. HOLOGRAPHIC s-WAVE SUPERCONDUCTOR
The starting point for our analysis of the holographic superconductor is the Lagrangian
Here A µ := (φ, 0) is the 4-vector potential, φ is the electrostatic potential and F µν is the electromagnetic tensor defined in the usual way; it follows that F µν F µν = −2φ 2 ,r . Without loss of generality, the complex scalar field ψ is chosen to be real. Therefore the Lagrangian becomes
where f := e −2ν is the metric coefficient of the noncommutative inspired AdSEBI black hole. Even though f contains contributions from both the non-commutative mass and charge distributions as seen from Eq. (51), later we consider the probe limit where we neglect backreaction effects on the metric; this restriction means that in the background metric, we set Q = 0. Nevertheless, contributions due to the charge appear indirectly since the analysis of the scalar and gauge fields involve a series development at the vicinity of the non-commutative horizon radius r + .
From the previous Lagrangian, the equation of motion for the gauge field φ is
and for the matter field we have
The asymptotic behavior of the scalar and gauge fields as r → ∞, where 1/f ∼ L 2 /r 2 , is
with µ and ρ constants, and
In this last expression we set ψ − = 0, i.e. there is no source in the dual theory (standard quantisation). On the contrary, J + := ψ + is proportional to the expectation value of the condensation operator of the holographic superconductor using the AdS/CFT dictionary [29] .
It is customary at this point to make the change of variable z := r + /r to obtain a simpler expression for the equations of motion of the fields [7, 19] ; with q = 1, which is equivalent to make a rescaling of the fields to work in the probe limit, we have then the equations of motion
where a prime means derivative with respect to z. In the limit b → ∞, we recover the equations of motion for the non-commutative inspired Reissner-Nordström scenario previously discussed in the literature [19] . Let us consider the expansion in serie of Taylor of the fields φ (z) , ψ (z) and the metric coefficient f (z) around z = 1; we have
The series developments for the scalar and gauge fields satisfy the equations of motion if
together with
In consequence, we have for the gauge field
and for the scalar field
Here we used the relation between ψ ′ (1) and ψ(1). Following the procedure in [19] , we match the asymptotic behavior of the fields φ (z) y ψ (z) given in Eqs. (58) and (59) with the series developments in Eqs. (64) and (65) at a certain point z = z 0 . We have then
Besides the continuity of the fields, we also impose the continuity of their first derivatives; we have then
From Eq. (68) we immediately obtain
whereρ
We also define the superconductor temperature
and the critical temperature
If T ∼ T c , we have
(74) As b → ∞, we recover the expressions discussed in [19] for the non-commutative Reissner-Nordström case.
Combining now Eqs. (67) and (69), we obtain the expression
Let us define J + := J + /r 2 + . The expectation value of the condensation operator is then
We have explicitly the expression
These variable encode the non-commutative corrections to the expectation value of the condensation operator; Eq. (B8) gives the quotient φ ′ 2 /r 2 + . For simplicity, we set L = 1 in the following.
In Fig. 1 we plot the behaviour of the factor Λ in terms of the variables λ := 2 −1/3 3 −1/4 Q/θ and b with m 2 L 2 = −2, z 0 = 1/2; λ is the standard variable used in the non-commutative Reissner-Nordström case. As we see from the plot, the difference with respect to the constant commutative value is enhanced for small values of b and as b goes to infinity, we recover the behaviour associated to the non-commutative Reissner-Nordström black hole.
In Fig. 2 we plot the second factor in front of the square root in the second line of Eq. (79) with m 2 L 2 = −2, z 0 = 1/2. When λ = 0, the value of the second factor is (1 − 28b −2 ) −3/4 ; this is also the asymptotic value as λ → ∞; it becomes one as b → ∞ with L fixed.
In Fig. 3 we show the expectation value of the condensate as a function of the ratio T /T c . The 
V. CONDUCTIVITY
Conductivity is one the main properties that characterize holographic superconductors and it is a natural consequence of the AdS/CFT correspondence [34] [35] [36] [37] [38] . This property has been extensively discussed for several configurations of black holes, including non-linear electrodynamics, higher curvature terms, Horava-Lifshitz gravity and Maxwell strength field corrections [8, 14, 18, 27, [39] [40] [41] [42] ; in the following we consider conductivity in the probe limit. Assuming the standard Ansatz A µ = (φ, 0, δA x , 0) where δA x := δAe −iωt+iky is the perturbation of the gauge potential in coordinates (t, r, x, y), a straightforward calculation shows that in the case of BI electrodynamics the gauge perturbation δA must satisfy the following differential equation
To discuss the effect of nonlinearity and noncommutativity on δA, but without losing generality, we consider the situation when the superconductor is at its critical temperature T c . This assumption allows on one hand, to drop out the term proportional to ψ in the above differential equation; moreover, it simplifies the equation of motion for the gauge field φ in such a way that we can also obtain an explicit expression for φ ,r as a function of r. With all these ingredients, it is straightforward to solve Eq. (81) numerically and calculate the conductivity using a few lines of code in MATHEMATICA [38] .
In Fig. 4 , we show the numerical calculation of the conductivity for different values of b and θ. High nonlinearity (b small) together with small noncommutativity produce deviations from the ratio ω g /T c ≈ 8; this effect due to nonlinearity has been noticed before, see for example [42] where similar curves were obtained. From these plots we see that when θ increases its value, the minimum of the imaginary part of the conductivity gets shifted back to a position closer to the ratio ω g /T c ≈ 8; we may say then that noncommutativity counter-balances the nonlinearity coming from the electrodynamics.
Plots of the real and imaginary parts of the holographic conductivity σ for several values of the BI parameter b and the noncommutative parameter θ. For a fixed value of b and small noncommutativity, there are deviations from the ratio ωg/Tc ≈ 8 where the minimum of ℑσ is located; increasing the value of θ moves this minimum closer to ωg/Tc ≈ 8. As b increases, the conductivity becomes equal to one and the effect of noncommutativity is not noticeable.
VI. CONCLUSIONS
Using a non-commutative inspired AdSEBI black hole as a background, we analysed the behaviour of the gauge and scalar fields in the probe limit within the context of the AdS/CFT correspondence. A series development and a matching procedure for the gauge and scalar fields led to the calculation of all the relevant quantities needed to find the expectation value of the condensation operator O 2 according to the AdS/CFT dictionary.
Our calculations are non-perturbative on the BI parameter b and all the quantities needed to find O 2 make use of the horizon radius r + of the non-commutative inspired black hole.
The expression for the noncommutative horizon radius is somewhat cumbersome to calculate; in the particular scenario of an extremal black hole and small non-commutative modifications, we gave explicit expressions exact on b. The analysis of higher corrections require full knowledge of r + as a perturbative development in powers of exp(−r 2 0 /4θ). We showed that the non-commutative modifications to the classical result for the condensate appear in two different factors. The coupling of the BI parameter b with the non-commutative parameter θ produces higher values of the first factor Λ in the expression for O 2 when compared with the commutative (Λ = 1) and noncommutative Reissner-Nordström case. Besides this, a second factor arises directly from the BI electromagnetic Lagrangian; it acts as a modulating amplitude becoming one in the limit b → ∞ with L and θ fixed. These two factors finally combine to provide an enhancing mechanism allowing higher values of the condensate. We also showed that the effect of the noncommutativity on the conductivity σ is to counter-balance the nonlinearity induced by the electrodynamics, which shifts the ratio ω g /T c ≈ 8 where the minimum of ℑσ is present.
The discussion of holographic superconductors should at some point include back-reaction effects, even if they are hard to analyse. Some previous treatments discuss the case of BI electrodynamics to lowest order on the BI parameter b [18] . It would be interesting to include these effects in the presence of a non-commutative inspired gravitational background in a non-perturbative way. An approach based on the Sturm-Liouville method along the lines of [14, 39, 42] (B3) Evaluating this expression at z = 1, and using the relation
that is a consequence of f (1) = 0, we arrive to 
Using the previously deduced expressions for f ′ (1) and 
Here g θ (r) = 2M/ √ πθ, G 
